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Using the discriminating polynomials (Lemmas 3, 4 and 5) we may 
now construct the elements of the collection .En, which were enumerated 
in Section 3, as follows: 
a. We begin by constructing a table showing graphically all elements 
of Gn (Section 3). Each element of G is identified and denoted by a symbol 
g=(n,m,s), L;;;m,;;;(;)-1, 
where m denotes the number of sides of g, while the integers serves as a 
label to distinguish between graphs with the same (n, m). 
Lemma 5 shows that we do not need the entire collection Gn but only, 
roughly, one half of it. Indeed, all we need, in order to obtain .En, is 
a ::mbset 
(7.1) 
with the property that it contains exactly one graph from each pair of dual 
graphs. We shall select for G* only graphs (n, m, s) such that 
(7.2) m<l(;). 
* Table 1: G4 
I. [7 n 
( 4, 1,1) ( 4, 2,1) ( 4, 2, Z) (4,3,1) ( 4, 3, 2) 
Table Z 
Graphs g c• D(x) Critical zeros s == b 2 ~ Dual graphs g 1 I s = b2 
(4,1,1) ( 1 t x) ( Z - x) -1, z s 1 -= 3 -= ( 1. 73) 
z 
1- ·i3' 1t..J3 z I ( 4, z, l) I ( 4, z, l) 2+Zx-x s 2 -= 2 + .J3-= (1. 932) I s 2 2 
-1, 1 2 
!4'-( 4, 2, 2) ( l t x) ( l - x) s 3 = 2 = ( 1. 41) co 
2 0 (4,3,1) ( 1 t x) ( 2- x) -1, 2 s1 
2 1 - 1 -
s = 3t.r5"" =(1.62) 2 II ( 4, 3, 2) I -= ( 4, 3, 2) ( 4,3, 2) ( 2 t X) ( 1 t X - X ) z-(1-..Js), z:O+..JS) 4 2 
Table 3: 64 
~ ~ ~ 
~ 
( 4, l, 1) (4,2,1) ( 4, 2, 2) ( 4, 3, 1) ( 4, 3, 2) (4,2,1)' 
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b. For each g E Gn * we determine the corresponding discriminating 
polynomial D(x) (according to (4.1), (4.2), (4.5) and (4.6)) and find its 
critical zeros x0 and x1 (Lemma 4). The upper critical value b1 = ( 1 + x1)1 
will now furnish an element S of En for which we retain the same symbol 
(n, m, s) as used for g. If x1 does not exist, then g contributes nothing to En. 
If -1 <xo, then Lemma 5 shows that the dual graph g' = (n, m, s)' will 
yield 
(n, m, s)' E En 
having the upper critical value b1 = ( 1 + xo)-l. If xo = - 1, then there is 
no contribution from g'. 
For future purposes it is important to know if sets 
have the same or different critical values. For this reason we record with 
each S E En also its critical value b = b1. For convenience we record in our 
tables its square 
(7.3) 
These squares are numbered consecutively s1, s2, ••• , with a new subscript 
whenever a new value appears. 
8. The collection E4. 
Tables 1, 2, and 3 exhibit the results obtained by applying our procedure 
for the case when n = 4. E4 has 6 elements which are shown, with all 
connections drawn, in Table 3. Observe that the sets (4, 2, 1) and (4, 2, 1)' 
have equal critical values. This establishes 
Theorem 3. The six sets shown in Table 3 are all the 2-valued 4-point 
sets in the plane. 
9. The collection Es. 
The Tables 4 and 5 are now largely self-explanatory. In Table 5 the 
discriminating polynomials are listed up to a positive constant factor 
and already decomposed into factors which are irreducible over the rational 
field. This exhibits the multiplicity of critical zeros at a glance. None of 
them are multiple with the exception of the critical zeros of (5, 5, 4), 
which are both double. By Lemma 6 we conclude that all elements of Es, 
excepting (5, 5, 4), imbed in Es and not in E2. The set (5, 5, 4), having as 
32 Series A 
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critical value the "golden ratio" 
b= l+V5 
2 ' 
is evidently the regular pentagon in the 0 plane. 
This establishes 
Theorem 4. The regular pentagon is the only 2-valued 5-point set in 
the plane. 
This leaves 26 sets in Table 5 having (finite) critical values and we may 
state the following theorem. 
Theorem 5. There are exactly 26 2-valued 5-point sets in Ea, none of 
which are in E2. 
Among these 26 sets we single out (5, 3, 2) for special notice, being the 
only 2-valued 5-point set in Ea, having a rational critical value b = 3/2. 
Its structure (Table 4) immediately reveals what the set looks like in 
. A . . 
-
. . 
( 5, 1,1) ( 5, 2, 1) 
. 
~ \_j 
. . 
( 5, 3, 2) ( 5, 3, 3) 
~ 1:: 
(5, 4, 2) ( 5, 4, 3) 
(/ 1J: 
( 5_,4,6) ( 5, 5, 1) 
* Table 4: G5 
\ I 
( 5, 2, 2) 
A 
--
(5, 3,4) 
A 
--
( 5, 4; 4) 
A 
( 5, 5, 2) 
~ 
( 5, 3, 1) 
1\' 
( 5, 4,1) 
. 
0 
( 5,4,5) 
e 0 
( 5, 5, 3) ( 5,5,4) 
g' ~ ~ [!:l. 0 1=3 
_:::r' .... P,C"' ..... ,. 
~- co ~ ~ ~ CD -
• Sc"o:;Jg 0 il' ...., >"• CP ~ §-rn-i:js~ 
-'1' §IJQ Cl-
~$1~~-=-CP 
o8:::r'll'trJCt 
:>I p. "'" 0 s "'~c:o;~ il' 
g.~o· tj"<:l 
a:CPSJI'-t:;C"' 
1-1 m P CD -<5-oo~~~ ~:;i~ .... CP~ 
il' il' ~"' il' p. 
"'""' il' ~ s"'" ~~i:jCPoo 
CPSP-p.§-S 
::t> 0"' <>.> c:: - il' < - 8. il' o ~~r CP 8, -....,CP 
< [!:l. 0 ~ s CP~§"_::CPo 
:;1.- c:> "' Cl "' p. ~-'• 0 '" co CD ~Sas,>~>--"'"tn 
"' to· -. o; Jl'PCPO>• 8, 
>-; llQ i:j ~ >1>--CP.,..IJQ·.c;-
$0~~~$ ~ "'" ..... ~ '~ >"•:::r'Ct-::>1 0> 
f3:C!>Q.CPCP •• 
"' a.:J >!>-- 0 ·-S"~g.,c"< i:j .. p :::r'"' il' "'"S.~o~S" 
'<:i $1 < CP oo;~"' CP p. s· · :::r' .,... c Cl 
c;- >!>-- CP :::r' ..., ' 
"' • ..... il' il' '<:i ~OJ o ~ ~e. 
0 ~"':,:: II i:j i:j to· CP CP c;-
IJQpllQ """'"' !l'~tlg~~ 
c:> il' § CP II "' C!>c"c;-P- ..... ~~00~~~ 
!::. >!>-- 0 ~ g: l.;z;j i:j 0 ...., 'i 0 ., 
g D(x) 
( 5, 1, 1) ( l+x) ( 5-3x) 
( 5, 2, 1) 5+4x-4x2 
( 5, 2, 2 ( 1tx) 2( 1-x) ( 5-x) 
(5,3,1) 5t6x-3x2 
( 5, 3, 2 ( 1tx) 2( 5-4x} 
( 5, 3, 3 (1tx-x2) ( 5tx-x2) 
( 5, 3, 4 ( 1tx) ( 5tx-sx2) 
(5,4,1) 5t8x 
( 5, 4, 2) (ltx)(5+3x-5x2tx3) 
( 5, 4, 3} 5+8x-4x2-4x3 
( 5, 4, 4) ( l+x) 3( 5-7x) 
( 5, 4, 5) ( 1t2x} ( 5-2x) 
( 5, 4, 6 ) ( l+x) ( 1-x) ( 5t8x-x2) 
(5,5,1) ( 1tx) { 5+5x-4x2) 
( 5, 5, 2 ) ( 1+x-x2) ( 5+5x-x2) 
( 5, 5, 3 ) ( 1tx) ( 5+5x-8x2-4x3) 
( s, 5, 4 ) ( l+x-x2) 2 
Table 52) 
xo, ~ s = b 2 
-1, 5/3- 55= 8/3 = (1.63) 2 
1 - 1 -
z-O-.J6l,z-t1+.J6) 1 ° - 2 56 =z-< 3t.J 6) =(1. 65} 
-1,1 53 
t < 3-2·l6), t< 3+2.J6) 2 - 2 57=3(3+.,1 6) =(1. 91) 
-1,5/4 58 =9/4=( 3/2) 
2 
1 - 1 - 5 =(1t.J5/ z:<1-.J5), z:t1+.J5) 
4 2 
1 - 1 - 1 - 2 16(1-.Jl61) •16(l+.Jl61) 59: 16 (17t.Jl61)·=(1. 36) 
-5/8, 
-. 709, 1. 806 510 = ( 1. 68) 2 
-. 556, 1. 293 511 = ( 1. 51) 2 
-1, 5/7 512 = 12/7 = ( 1. 31) 2 
-l/2, 5/2 5l3 = 7/2 = (1.87) 2 
4-.J2i. ' 1 53 
~( 5-.JlOS), ~( St.Jl05) 1 - 2 514 =g-< 13Wl05 l =(1. 71} 
1 - 1 -2 (1-.Js), 2 (lt.Js) s4 
-.s~~ •. 905 515 = ( 1. 38) 2 
1 1 2o-.J5 1, z-<1+-Js) 54 
gl 
(5,2,1) 1 
( 5, 3, 1) I 
( 5, 3, '3} I 
(5,3,4} 1 
( 5 > 4, 1) I 
( 5 > 4, 2) I 
(5,4,3) 1 
( 5, 4, 5) I 
( 5, 4, 6) I 
(5,5,1) 1 
(5, 5, 2) 1 =(5,5, 2} 
(5,5,3) 1 
(5,5,4} I =(5,5,4) 
s = b 2 
57 
56 
54 
1 - 2 516=g-(17t.J161) =(1. 926) 
55 
517=(1.85) 2 
518 = ( 1. 50) 2 
53 
1 .- 2 
519""4 (5t-J21) =(1. 55) 
514 
520 = ( 1. 58) 2 
>1>--
<0 
~ 
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space. In Figure 1 it is shown with P1P2 = P2P3 = P3PI = 3, all other distances 
being = 2. This is an analogue in space of the Egyptians' right-angled 
triangle of sides 3, 4, 5.3) It is very likely the simplest space pentagon with 
integral sides which is to establish a line p4p 5 perpendicular to a plane 
PIP2P3· 
p4 
Fig. 1. 
We say that one of the 26 sets of Theorem 5 is a pyramid provided that 
4 of its 5 points are in a plane. But then its squared critical value must 
agree with one of the quantities s1 , s2, s3, s4 of Table 2. From Table 5 
we see that only the sets 
(9.1) (5, 2, 2), {5, 3, 3), (5, 4, 6), (5, 5, 2), (5, 3, 3)', (5, 4, 5)' 
satisfy this condition. These six sets are actually pyramids, the sets 
{5, 2, 2), (5, 4, 6) and {5, 4, 5)' having square bases, while (5, 3, 3), (5, 5, 2) 
and {5, 3, 3)' have as base the trapezoid (4, 3, 2). This establishes 
Theorem 6. Among the 26 sets of Theorem 5 exactly 6, namely the 
sets (9.1), are pyramids. 
Diagrams showing these six pyramids in prespective are easily drawn. 
10. The 2-valued 6-point sets in E 3 • 
To determine these sets we could, of course, use our general procedure 
of Section 7 to determine the collection E6 and then see which of its elements 
imbed in E3. However, from Section 3 we know that [E6[ = 145, a size 
beyond our power to deal with. For this reason we shall first exhibit a 
collection of six 2-valued 6-point sets in E 3 and shall afterwards show by 
a mixed metric and combinatorial method that further sets of this kind 
a) A more perfect space analogue of the triangle of sides 3, 4, 5 is the tetrahedron 
P1P2PaP4 with P1P2 = P2P4 = P4P1 = 3, PaP4 = 4, PaP1 = PaP2 = 5. Here the angles "Ji:- P1P4Pa, 
1;:- P2P4Pa are both goo. It is interesting to note that one can also achieve that the 
third angle at p4, namely Ji:-P1P4P2· be goo. A few su,ch examples are due to Euler, 
the simplest among them having the sides P4Pl = 117, P4P2 = 240, P4Pa = 44, P1P2 = 267, 
P2Pa=244, P1Pa= 125. See L. Euler, Volstandige Anleitung zur Algebra, Reolams 
Universal Bibliothek, No. 1802-1805 a, b, page 50g. 
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do not exist. Our discussion requires the following seven elements of G6, 
exhibited and labeled in Table 6 below, and some of their duals. 
/I 
""' ( 6, 3,1) ( 6, 5,1) 
Table 6 
( 6, 5, 1) I ( 6, 6,1) ( 6, 6, 2) ( 6, 6, 2) I { 6, 6, 3) 
Our first set is the regular octahedron, the second is the square-faced 
triangular prism, both shown in Fig. 2. 
These sets are evidently 2-valued and correspond to the graphs (6, 3, 1) 
and (6, 6, 1) of Table 6, respectively. Both have the critical value b1=21. 
( 6, 3, 1) ( 6, 6, 1) 
Fig. 2. 
In order to describe the remaining four sets we examine the regular 
icosahedron S12 whose sides are = 1 (Fig. 3). A glance at Fig. 3 shows that 
s12 is a 3-valued set, the values of the distances being in increasing order 
a= 1, b = !(1 +51), c= (1 +b2)l= (!(5+ 5i))l. 
A subset S6 of S12 is evidently 2-valued, the two distances being a= 1 
and b, if and only if S 6 does not contain two opposite points of S12· We 
now obtain all such S 6 as follows: We consider the six pairs of opposite 
points of S12 and pick one point from each such pair. The result is a collection 
of exactly 
(10.1) 26 = 64 different 2-valued 6-point sets. 
We claim that exactly four among them are pairwise incongruent, for 
instance the following 
(10.2) 
{1, 2, 3, 4, 5, 6} = (6, 5, 1) 
{1, 2, 3, 4, 5, 7} = (6, 5, 1)' 
{2, 3, 8, 6, 9, 12}=(6, 6, 2) 
{2, 3, 8, 1, 4, 7} = (6, 6, 2)', 
496 
7 
12 
1 
6 
Fig. 3. 
the symbols on the right being those of the corresponding graphs in Table 6. 
The perspective appearance of these sets is shown in Fig. 4. 
(6,5,1) ( 6, 5 J 1) I ( 6, 6, 2) ( 6, 6, 2) I 
Fig. 4. 
Proof: Their pairwise incongruence is clear from Fig. 3. That all 
others are congruent to one of the sets (I0.2) is shown by the following 
simple enumeration: The pyramid (6, 5, I) is determined by its apex {6} 
so that 812 contains I2 such pyramids. Likewise, the pyramid (6, 5, I)' 
can be picked in I2 different ways. On the other hand, the octahedron 
(6, 6, 2) is determined by its face {2, 3, 8} and can therefore be chosen 
in 20 different ways. For the same reason also the pentahedron (6, 6, 2)' 
can be chosen in 20 different ways. We thus get a total ofl2 + I2 + 20 + 20 = 
64 different sets, while we know from (IO.I) that this is their total number. 
Finally, the critical values of the four sets of Fig. 4 are equal, their common 
value being =!(I+ 5t). 
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We are now prepared to state the following theorem. 
Theorem 7. There are no further 2-valued 6-point sets in Ea besides 
the six sets shown in Figures 2 and 4. Those of Fig. 4 are subsets of the 
icosahedron. 
Proof: We shall show that the only elements of G6 which lead to 
elements of 1:6 imbeddable in Ea, are the six graphs listed in Figures 2 
and 4 and identifiable by means of Table 6. 
Our discussion requires the following partition of G6 
(10.3) G6=HUK 
which is defined as follows: The elements of H are those g E G6 which possess 
so much structural symmetry that all their 5-point subgraphs g- {Pt} 
(i= 1, .. . , 6) are pairwise equal. K is defined as the complement of H. 
We now distinguish two case depending on whether g belongs to H or to K. 
Case 1: g E H. We first determine the collection H which is de-
scribed by the following combinatorial lemma. 
Lemma 7. In terms of the Table 6 the subcollection H is described by 
(10.4) H = {(6, 3, 1), (6, 3, 1)', (6, 6, 1), (6, 6, I)', (6, 6, 3), (6, 6, 3)'}. 
Proof: 1. Observe that g E H if and only if g' E H. It therefore 
suffices to determine the elements of H such that m = m(g).,;;;; l (;) = 15/2, or 
(10.5) m.;;;7. 
2. If g E H, then the number of sides of g issuing from a vertex is 
the same for all vertices. Let this number be r. Counting min two ways 
we obtain the relation nr=2m or 3r=m and (10.5) now shows that r<2. 
3. Thus r = 1 or r = 2. If r = I we obtain as only solution the graph 
(6, 3, 1) of Table 6. However, r=2 leads to (6, 6, 1) and (6, 6, 3) and to 
no others. 
Leaving the combinatorial side and turning to the metric side of the 
problem, we list below the discriminating polynomials and squares of the 
upper critical values for three of the elements of H: 
(6, 3, I): (1 +x)a(l-x)2, sa =2, 
(6,6,1): 
(6,6,3): 
(l+x)2(1+2x)(l-x)2, sa =2, 
(I +x)4(I- 2x), s21 = 3/2. 
4) The six 2-valued 6-point sets here discussed were previously shown to be 
the only 2-valued 6-point sets whoBe pointB lie on a 2-dimenBional Bphere. This was 
done in the context of studies concerning the elliptic plane. See [1, 213], also for 
references to the work of BLUMENTHAL, IIAANTJES and KELLY. In our problem 
the restriction that the six points should lie on a sphere has been removed. 
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Observe that the critical zero X1=! of (6, 6, 3) is simple. We conclude 
by Lemma 6 that the resulting set (6, 6, 3}, for b1 = (3/2}t, imbeds in E4 
and not in E3. Likewise simple is the negative critical zero x0 = - ! of 
(6, 6, 1}. This shows that the dual set (6, 6, 1}', for b1=2t, will imbed 
in E4, not in E3. On the other hand the positive critical zeros for (6, 3, 1} 
and (6, 6, 1) are both = 1 and both are double, so that they lead to sets 
which are in E 3 . Both critical values are = 2t and the sets are none other 
than our two sets shown in Fig. 2. To summarize: Our discussion has 
shown that the (six) elements of H lead only to the two 2-valued 6-point sets 
in E3 described in Fig. 2. 
There remains to be seen what 2-valued 86 in E 3 are obtained from 
the elements of the complementary set K. 
Case 2: g E K. We know from the definition of K that the sub-
graphs 
(10.6) g- {Pi} (i = 1, ... , 6) are not all identical. 
We base our discussion on the following self-evident 
Remark. If a 2-valued set 86 is in E 3, then all its 5-point subsets 8s 
must satisfy the follqwing two conditions: 
1 o All 8s are in E3. 
2° All 8 5 have the same critical value b1 as 86. 
This Remark now leads to a necessary criterion which is as follows: 
If g E K and if the corresponding element of .E6 is to imbed in 83, then 
the 5-point subgraphs of g must all show the same upper critical value 
in our Table 5. In view of this we now need a partial classification of the 
elements of Gs according to their critical values. Since g E K, we know 
that (10.6) holds and therefore we need only consider such critical values 
to which correspond two or more elements of Gs. 
Table 7 
3. 
I .1.• t (5,1,1) 
'fZI ( 5, 4, 1) I 55 t-S 
II /"... ( 5, 2, 1) ~ ( 5, 3, 1) I 56 
III 1: ( 5, 3, 1) @ ( 5, 2, 1) I 57 
~ (5,5,1) . IV 
'fS<J ( 5, 5, 1) I 514 
. 
<t< 0 (5,4,6) v \ I ( 5, 2, 2) ( 5, 4, 5) I 53 
. A 0 4'fit ( 5, 3, 3) I VI \_) ( 5, 3, 3) ( 5, 5, 2) ( 5, 5, 4) 54 
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From Tables 4 and 5 we easily assemble our Table 7 which shows six 
groups, numbered from I to VI, the last column showing the squared 
critical value which is common to all elements of the group and to no 
other elements of G5• 
To simplify language we shall say that g E K is adjusted to Group x 
of Table 7 (x=l, II, ... , VI) provided that all six subgraphs (10.6) belong 
to Group x of Table 7. In symbols we shall indicate this by 
g E A(x). 
It turns out that only the topological restrictions so far imposed on our 
graphs in K will already furnish only the four graphs corresponding to 
the four remaining sets of Theorem 7. This we state as 
Lemma 8. The only elements g of K which are adjusted to one of the 
six groups of Table 7 are the four graphs 
( 10. 7) {6, 5, 1), {6, 5, 1)', (6, 6, 2), (6, 6, 2)', 
and they are all adju:sted to group VI. 
Proof: 1. Observe that 
{6, 5, 1) has only the subgraphs (5, 5, 4) and (5, 3, 3) in group VI, 
(6, 5, 1)'' has only the subgraphs {5, 5, 4) and (5, 3, 3)' in group VI, (10.8) {6, 6, 2) has only the subgraphs {5, 3, 3) and {5, 5, 2) in group VI, 
(6, 6, 2)' has only th«:l subgraphs (5, 5, 2) and {5, 3, 3)' in group VI. 
The four readily verified statements (10.8) show that the four graphs (10.7) 
are adjusted to group VI. . 
2. There remains to show that no other elements of K satisfy the 
condition of Lemma 8. Fortunately we need not investigate individually 
the 139 elements of K. However, the six groups of Table 7 must be con-
sidered separately: 
g E A(J). Let g- {p6}= {5, 1, 1) and let the only side of this graph 
join Pl tops. The only unknown connections in g are those joining P6 to 
p1, ... , ps. Whatever these may be, evidently g contains q,t most one 
triangle, namely P1P6P5 and this only if P6Pb psps are sides of g. But then 
clearly the second graph {5, 4, 1)' of group I, which contains four triangles, 
can not possibly appear among the subgraphs of g. 
g EA(Il). Assuming g-{p6}=(5, 2, 1), we see that g contains at most 
two triangles so that again (5, 3, 1)', which contains four, can not be a 
subgraph. 
g EA(lll). If g-p6 =(5, 3, 1), then g may contain at most three 
triangles, while (5, 2, 1)' contains five. 
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g EA(IV). If g-pG=(5, 5, 1) then g-{p3} can only be again (5, 5, 1) 
and this only if P6Pi (i= 1, 2, 4, 5) are sides of g. Drawing g, in which 
only the connection P6Pa is undecided, we see that g- {p1} can in no case 
belong to group IV. 
g EA(V). If g-{p6}=(5, 2, 2), then there are two cases: 
1. We may have g-{pa}=(5,4,5)' and this only ifP6Pi (i=1,2,4,5) 
are sides of g leaving only the connection p 6p 3 undecided. But then g- {pl} 
can not possibly be in group V. 
2. g-{pa}=(5, 4, 6) and this only if P6Pi (i= 1, 5) are sides of g, 
while for i = 2, 4 they are not sides (or equivalent possibilities). Again, 
only P6Pa is undecided and again we see that g- {p1} can not belong to 
group V. 
g E A( VI). This, as expected, is the more complex case. Group VI 
contains four graphs and we must consider each of the six pairs of graphs 
individually. 
1. Let (5, 3, 3) and (5, 5, 4) be among the subgraphs of g. Let 
g-{P6}=(5, 3, 3). The only subgraph of g which can be (5, 5, 4) is g-{pa} 
and this only if P6Pi (i = 2, 4) are sides of g, while fori= 1, 3 they are not. 
Re-drawing g we see that its sides are the sides of the closed pentagon 
PIP2P6P4P5PI. with the additional connection P6Pa yet undecided. In-
specting g- {pi} we see that it can only be (5, 3, 3) and this only if P6Pa 
is no side of g. This now shows that g= (6, 5, 1)~ 
2. Let (5, 3, 3) and (5, 3, 3)' be among the subgraphs of g. Specifically 
let g-{pa}=(5, 3, 3). Now g-{Pi} (i=1, 2, 4, 5) contains at most two 
triangles, while ( 5, 3, 3)' has three. Therefore ( 5, 3, 3)' can only be g- {pa} 
and this only if P6Pi (i= 1, 2, 4, 5) are sides of g. Now g is seen to be such 
that g- {PI} can not belong to group VI no matter whether P6P3 is a side 
of g or not. We have reached a contradiction and the pair ( 5, 3, 3),. ( 5, 3, 3)' 
may not appear together among the subgraphs of g. 
3. Similarly, as in Case 2, the pair (5, 5, 4) and (5, 5, 2) may not both 
appear as subgraphs of g. However 
(5, 5, 4) and (5, 3, 3)' may both occur and lead only to (6, 5, 1)', 
(5, 3, 3) and (5, 5, 2) may both occur and lead only to (6, 6, 2), 
(5, 5, 2) and (5, 3, 3)' may both occur and lead only to (6, 6, 2)'. 
The proofs of these last four statements are very similar to those used 
in the two cases discussed and may be omitted. 
A final remark: It is interesting and very easy to establish over 
again Theorem 4, of Section 9, by the method just used to prove Theorem 7. 
To do this we use Tables 1 and 2, but not Table 5 which is not needed. 
Again we partition Gs=H u K, which is defined in the same way as (10.3). 
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It is easily shown that H = {(5, 5, 4)}. The analogue of Table 7 contains 
two groups I and II corresponding to s1 and s2, respectively. An analogue 
of Lemma 8 shows that (5, 3, 2) is the only element of K which is adjusted 
to group I, while no g is adjusted to group II. Since ( 5, 3, 2) corresponds 
to ss=9/4=Fsl, a proof of Theorem 4 follows. 
In closing this section, we ask: . Which of the 2-valued 5-point sets in E3 
are not subsets of 2-valued 6-point sets in E 3 1 In a sense, these might be 
described as maximal. Their enumeration is easily obtained from our 
previous results and is done as follows: From Figures 2, 4 and from the 
Tables 4 and 5, it is seen, on removing one vertex at the time, that the 
5-point subsets of the six sets of Theorem 7 are the following five pyramids 
(10.12) (5, 2, 2), (5, 3, 3), (5, 3, 3)', (5, 4, 6), (5, 5, 2). 
We therefore obtain all pyramids (9.1), with the exception of 
(5, 4, 5)'. 
If we remove the five sets (10.12) from among the 26 sets of Theorem 6 
we obtain the following 
Corollary 1. There are exactly 21 2-valued 5-point sets in E3, which 
are not in E2 and are not subsets of 2-valued 6-point sets in E;;,. Among 
these 21 sets there is exactly one pyramid, namely the regular square-based 
pyramid (5, 4, 5)'. 
Thus, we need a set of 21+6=27 models to represent all 2-valued 
space configurations. This statement implies that 7-point sets do not 
exist in E3. That this is true will be shown in the next section. 
11. There are no 2-valued 7 -point sets in E 3• 
In the present section we wish to show that sets as described in this 
heading, do not exist. Again we apply the observation which served as 
well in Section 10: If S7 C E3, then all S6 C S7 are again in E3 and beyond 
this, must have the same critical value as 8 7• In particular, all these S6 
must be among the six sets of Theorem 7. Moreover, we know from our 
proof of Theorem 7 that these six sets are of two classes: The sets 
(11.1) (6, 3, 1), (6, 6, 1) having the critical value V2 
and 
(11.2) (6, 5, 1), (6, 5, 1)', (6, 6, 2), (6, 6, 2)' having the c.v. !(1 + V5} 
The metric foundations of the argument are hereby set, the remainder 
being purely combinatorial and contained in the following 
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Lemma 9. The•e is no 7-point graph g= (7, m, s), (m= 1, ... , 20), with 
the property that all its seven subgraphs 
g<il = g- {Pi}, (i = 1, ... , 7), 
be either among the 11raphs (11.1) or else among the graphs (11.2). 
Proof: The special graphs referred to, are described in Table 6. 
1. Assuming 
(11.3) g-{p7}=(6, 6, 1), 
we see immediately :.hat the other graph (6, 3, I) may never occur among 
the subgraphs of g. I et. us label, in order, the vertices of ( 11.3) as p1, ... , P6· 
Now g- {p1} must he a closed hexagon P6P7P2P3P4P5P6· Also g- {p2} must 
be the hexagon P1P7P3P4P5P6Pl· But then g- {ps}, say, should also be a 
closed hexagon, while it is actually nothing of the sort. 
Assuming 
(11.4) g- {P7}= (6, 3, 1), 
then we see that (6, 6, 1) may never occur. Thusg<i>=(6, 3, 1), (i=l, ... , 7). 
Let us label the vertices of (11.4) such that its sides (connections) are 
P1P2, pap4 and P5P6· Now g- {p1} can only contain, besides PaP4 and psp6, 
the only side P2P7· This already describes g completely, except for the 
undecided connection P1P7. However, g- {p2} shows that P1P7 is a side of g. 
But now g- {pa} has the wrong structure and the case of group ( 11.1) is 
settled. 2. Similar reasonings will eliminate the second group (11.2). 
This establishes 
Theorem 8. There are no 2-valued 7-point sets in Ea. 
III. SOME RESULTS CONCERNING Ek 
12. On 2-valued sets in Ek. 
Let us denote by N2(k) the largest value of n such that Ek contains a 
2-valued n-point set. Thus our previous results imply that 
(12.1) 
The k-dimensional analogue of the octahedron is a 2-valued 2k-point set 
which shows that 
(12.2) N2(k) ~ 2k for all k. 
It was observed by Blumenthal and Kelly in their paper "New metric-
theoretic properties of elliptic space", Revista de la Univ. Nacional del 
Tucuman, Serie A, 7 81-107 (1949), on page 104, that the triangular 
prism (6, 6, 1) (Fig. 2) also has a k-dim. analogue which is again a 2-valued 
2k-point set. We mention at this point that the sets (6, 6, 2) and (6, 6, 2)' 
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(Fig. 4) likewise generalize to Ek as 2-valued 2k-point sets, all having the 
same critical value b1 = !(1 +51). However, these additional sets do not 
improve the lower estimate (12.2). 
Remarkable additional information is provided by the recent work of 
vAN LINT and SEIDEL [ 4] on equilateral sets in elliptic spaces. Concerning 
E4 their results furnish no additional information and the inequality 
N2(4)~8 is the best available estimate. However, their examples of 
equilateral elliptic point sets provide euclidean 2-valued sets inscribed 
in the spherical shell of Ek(k = 5, 6, 7) which imply that 
(12.3) 
The 2-valued sets establishing these inequalities are obtained from the 
van Lint-Seidel sets by choosing at will one point from each pair of 
antipodal points. 
13. On l-valued sets in Ek. 
The notion of a 2-valued set extends naturally to that of an l-valued 
set, meaning a setS of n points having between them exactly l distinct 
positive distances. On 'this subject many problems present themselves all 
of which are open. Here are two samples of statements which are merely 
conjectured: 
(i) The only 3-valued sets in E2 having five or more points, are the 
following five sets and their ~mbsets: 
1. The square with its center. 
2. The regular pentagon with its center. 
3. The regular hexagon with its center. 
4. The regular heptagon. 
5. The 6-point set obtained from the set (4, 2, 1)' of Table 3 by 
successive rotations of the set by 120° about the center of the equilateral 
triangle. 
(ii) The vertices of the regular icosahedron form the only 3-valued 
12-point set in Ea. 
Let Nz(k) denote the maximal value of n such that there is in Ek an 
l-valued n-point set. That Nz(k) is finite is shown by the following beautiful 
theorem due to H. B. Mann. 
Theorem 9 (H. B. MANN). Let S be an l-valued n-point set in Ek. 
Then n is below a certain bound which depends on k and l. 
Proof: Let the l distances be 
d1 <d2< ... <dz 
arranged in increasing order. We now apply Ramsey's theorem as stated 
in RYSER's book [8, Chap. 4, 38-39]. Let N(q1, q2, ... , qe, r) be the com-
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binatorial function as defined in [8, Theorem 1.1]. In applying this 
theorem we set 
r=2, t=l. 
Our l-valued set being S = {p1, p2, ... , Pn}, we partition the set p2(S) of 
all 2-subsets {pt, Pi} ( i < j) of S into the ordered partition 
P2(S) = .A1 u .A2 u ... u .Az 
where 
(13.1) 
Finally 'Ye select 
(13.2) 
Ramsey's theorem tells us that if 
(13.3) n~N(k+2, k+2, .. . , k+2, 2), 
then S contains a subset s of k + 2 points with the property that all its 
2-subsets are in the same set .A~. Geometrically, this means, by (13.1), 
that s is a regular simplex of k+2 vertices having all sides =d~. This 
conclusion contradicts our assumption that S C Ek. This shows that the 
right hand side of (13.3) is a bound which n can not reach. 
H. B. Mann remarks that Theorem 9 is valid in any metric space in 
which the number of vertices of an equilateral figure is bounded. 
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